A note on a conjecture of new binary cyclotomic sequences of length p n
Introduction
Sequences with good pseudo-random properties are widely used in simulation, ranging systems, code-division multiple-access systems, and cryptographic applications such as stream ciphers [1, 2] . Linear complexity is one of the most important properties of a sequence for its applications in cryptography. The linear complexity L((s i )) of an N -periodic sequence (s i ) over a finite field F q is the smallest positive integer L for which there exist constants c 0 , c 1 , . . . , c L−1 ∈ F q such that s i+L = c L−1 s i+L−1 + · · · + c 1 s i+1 + c 0 s i , for all i ≥ 0 [2] . By the Berlekamp-Massey algorithm, for a sequence with period N , if its linear com-plexity is large than N 2 , then it is considered good with respect to the linear complexity [3] .
Blahut's theorem is a common method to compute the linear complexity of a sequence. Let (s i ) be an N -periodic sequence, then the generating polynomial of the sequence (s i ) is defined as
Let α be a primitive N -th root of unity in an extension field of F q . Then by Blahut's theorem, the linear complexity of sequence (s i ) is defined as L((s i )) = N − |{t|S(α t ) = 0, t = 0, 1, . . . , N − 1}|.
Thus, one could determine the linear complexity of a sequence S by counting the number of roots of S(x) in the set {α t |t = 0, 1, . . . , N − 1}.
For an odd prime p, let p = ef + 1 and g be a primitive root modulo p 2 . It is well known that g is also a primitive root modulo p j for each integer j ≥ 1. For an integer j ≥ 1, define
where n = 0, 1, . . . , p j−1 f − 1. Then we get generalized cyclotomic classes of order p j−1 f with respect to p j . It was shown that {D [4] . Recently, when f = 2 r with r ≥ 1, a new family of binary sequences (s i ) of length p 2 were introduced by Xiao, Zeng, Li and Helleseth [5] via the aforementioned cyclotomic classes for the cases of j = 1 and 2, where
In [5] , Xiao et al. determined the linear complexity of the sequences and showed that the sequences have large linear complexity if p is a non-Wieferich prime.
As it was remarked at the end of [5] , it is natural to generalize above construction of new generalized cyclomomic sequences of period p 2 to the case of period p r for an odd prime p and an integer r ≥ 3 as follows.
where
For above sequence, the authors failed to determine the linear complexity by the similar method in [5] and left a conjecture as follows. Conjecture Let p be a non-Wieferich odd prime and let (s) be a generalized cyclotomic binary sequence of period p r defined by (1) . Then its linear complexity is given by
In [6] , Vladimir Edemskiy proved the conjecture for the case f being the form 2 r with r ≤ 1. In this paper, we will further study this problem. Different from the method in [6] , we will introduce a generic construction of generalized cyclotomic binary sequence of period p n , in which the generalized cyclotomic classes could be chosen arbitrary as its support set. Thus, our generic construction includes the sequence (1) as a special case. Then for the case 2 being a primitive root modulo p 2 , we will give an efficient method to determine the linear complexity over GF(2) of the generalized cyclotomic binary sequence derived from the generic construction by using Euler quotient. As a byproduct, for the case 2 being a primitive root modulo p 2 , the conjecture given by Z. Xiao et al. is proved completely.
The remainder of this paper is organized as follows. In Section 2, we will first introduce a generic construction of generalized cyclotomic binary sequence of period p r , which includes the construction in [5] as a special case. Then, we will present our main theorem. The proof of the main result will be given in Section 3. Firstly, we recall the definition of Euler quotients and its cyclotomic characterization. We also establish the relationship between the generalized cylcotomic classes derived from Euler quotients and the generalized cylcotomic classes defined in [4] . Then some useful lemmas will be given. Lastly, by using the Euler quotient, the main theorem will be proved and some example will be illustrated.
A generic construction and main theorem

A generic construction
Let p be an odd prime with p = ef + 1 and r ≥ 1 be an integer.
Then a p r -periodic sequence can be defined as follows
0, otherwise.
(2)
. . , r, the sequence in (2) is just the sequence defined in (1) . Thus the sequence defined in [5] is a special case of the sequence in our generic construction. In the sequel, we denote D
Main theorem
For the sequence (1), if f has the form of a power of 2, its linear complexity over GF (2) was determined under the assumption of 2 p−1 ≡ 1 mod p 2 in [5, 6] . However, for the linear complexity of the sequence in (2), the situation will be very different, since in our generic construction, the support sets can be chosen arbitrary and f can be any positive divisor of p − 1, without the limitation of being a power of 2. For our purpose, we concentrate on the case of 2 being a primitive root modulo p.
Following is the main result of this paper, based on which an efficient algorithm of computing the linear complexity of the sequence in (2) could be easily deduced.
Therorem 1. (Main theorem) Let the sequence s defined as (1) , then the linear complexity of S over GF (2), with 2 being a primitive root modulo p 2 , can be represented as
and δ i ∈ {0, 1}, i = 0, . . . , r − 1, which can be determined by the Lemma 6.
Remark 2. As we have remarked in Remark 1, the sequence (1) can be constructed by choosing Y t = Z p t−1 × Z f 2 f or t = 1, . . . , r. In this case, δ i , i = 0, . . . , r − 1 equal to 1 by Lemma 6. By definition,
Thus,
Hence, under the assumption of 2 being a primitive root modulo p 2 , the conjecture is proved.
Proof of the Main Theorem and an Efficient Algorithm
In this section, we will prove the main theorem. To this end, we will recall the definition of Euler quotient and give some auxiliary lemmas firstly, based on which the mail theorem can be easily proved. Two examples will also be given to illustrate the efficiency of our method.
Euler quotient and its cylcotomic characterization
For an odd prime p, an integer r ≥ 1 and u with gcd(u, p) = 1, the Euler quotient Q p r (u) modulo p r is defined as the unique integer with
where φ(·) is the Euler function and it is also defined that
The following properties are useful for the calculation of Euler quotient,
for gcd(u, p) = 1 and gcd(v, p) = 1. A partition of Z * p r+1 is then induced by Euler quotient. In detail, let
In [8] , it is shown that
can also be represented as
where g is a primitive element modulo p r+1 with Q r (g) = 1. Meanwhile, D (p r+1 ) l are also called generalized cyclotomic classes of order p r with respect to p r+1 .
Remark 3. Comparing with the generalized cyclotomic classes defined in [4, 5] 
where n = 0, 1, . . . , p j−1 f − 1, it is easy to see that
Remark 4. Euler quotient has been used to construct sequence with high linear complexity. In [7] , Chen et al. proposed a class of p 2 -periodic binary sequences derived from the Euler quotients and investigated the k-error linear complexity, under the assumption of 2 being a primitive root modulo p 2 in [8] . Inspired by this construction, we proposed a general construction of binary sequences based on Euler quotient (and specially, Fermat quotient) with flexible support sets in [9, 10] . Then, Du et al. defined a class of d-ary sequence using the Euler quotient, which can be regarded as a generalization of the binary case, and then analyze the linear complexity of the proposed sequence [11] . For more details, please refer to above mentioned references and the references therein.
Auxiliary lemmas Lemma 1.
(1) For any n ≥ 1 and 0
we have uD (p n+1 ) (l,m) mod p n = {g l+l ′ +(kf +m+m ′ )p n mod p n+1 : 0 ≤ k < e − 1}.
By the limitation of l and m, we get the property (1). Similarly,
the result then follows. Let D
x u , for n ≥ 1 and θ n be a primitive p n -th root of unity in an extension field of GF(2).
Lemma 2. For any
Lemma 3. Let symbols be the same as before. If 2 is a primitive root modulo p, then for any n, 0 < n ≤ r, S(θ u r ) = 0, for all u ∈ p r−n Z * p n , if and only if there exist one u ∈ p r−n Z * p n , such that S(θ u r ) = 0.
Proof: Assume u ∈ p r−n D (p n ) (l,m) , such that S(θ u r ) = 0, then we have S(θ u r ) = 0 for all u ∈ p r−n D (p n ) (l,m) by Lemma 2. Since 2 is a primitive root modulo p, we know 2 is a primitive root modulo p n for any positive integer n. Hence, 2 a D (p n ) (l,m) will run through Z * p n when a run through (p − 1)p n−1 . Since S(θ u r ) 2 a = S(θ 2 a u r ) in GF (2), the result then follows. and T (v,n) = {v, v + p n , v + 2p n , . . . , v + (p − 1)p n }, then we have
Proof: From the property of Euler Quotient, we find Q p n (v + kp n ) run through l + ip n−1 for i = 0, 1, . . . , p − 1 when k run through i = 0, 1, . . . , p − 1. Therefore, we have
l+ip n−1 = 1, f or i = 0, 1, . . . , p − 1.
In addition, let T (v,n) D
The result then follows.
Lemma 5. Let the symbol be the same as before, there exist 
An important lemma
To determine the exact values of δ i , i = 0, . . . , r − 1 in the main theorem, we need the following lemma. In the sequel, we will consider the representation of C 1 modula p n for different n. Hence, some elements will be repeated. Since we consider the sequence over GF (2) , the occurrence number should modula 2. For example, {1, 3, 5} mod 4 = {3} and {1, 3, 5} mod 2 = {1}. Due to T (v,n) = T (v+kp n ,n) mod p n+1 for any integer k, we denote T (v,n) only for v ∈ Z p n here and hereafter. Lemma 6. Let symbols be the same as before. If 2 is a primitive root modulo p, then for any n, 0 ≤ n ≤ r − 1, where W is a subset of Z f p n−j−1 , for j < n.
Proof: Assume that S(θ u r ) = 0, for all u ∈ p r−n0−1 Z * p n 0 +1 , for a fixed integer n 0 , where 0 ≤ n 0 ≤ r − 1. Since all (φ(p n0+1 ) many) elements θ u r for u ∈ p r−n0 Z * p n 0 +1 are all roots of Φ p n 0 (x) = 1 + x p n 0 + x 2p n 0 + · · · + x (p−1)p n 0 ∈ F 2 [x], we have Φ p n 0 (x) | S(x) in an extension field of F 2 . Then there exists a polynomial Ψ(x) over F 2 such that
Note that
We can restrict deg(Ψ(x)) < p n0 . Note that the exponents of Φ p n 0 (x)Ψ(x) can be form as v∈U T (v,n0) for some U ⊂ Z p n 0 . Therefore, the equation (2) holds if and only if there exist U ⊂ Z p n 0 , such that
Then we need to consider the case of j ≤ n 0 . Note that the elements in p j D (p r−j ) (l,m) mod p n0+1 only appear in the T (v,n0) if v ∈ p j Z * p n 0 −j . By Lemma, we have D (p r−j ) (l,m) mod p n0+1−j = D (p n 0 +1−j ) ( l p n 0 −j , ⌊ l+m p n 0 −j ⌋ f ) for j ≤ n 0 . Therefore, we have
where X is a subset of Z p n 0 −j−1 ×Z f based on Lemma 6. Note that the difference of adjacent element in the right set from above equation is p n0−j − p n0−j−1 mod p n0−j f . Therefore, the difference will run through kef p n0−j−1 mod p n0−j f for k = 0, 1, . . . , p − 1. Hence, we get
where W is a subset of Z f p n 0 −j−1 In particular, the aforementioned condition is impossible to achieved when j = n 0 . The closest case is
If j > n 0 , p j D (p r−j ) (l,m) mod p n0+1 equals to {0} or ∅. Hence, 1 + j>n0 e|X r−j | ≡ 1 mod 2 can make the case of j = n 0 to meet the equation (5) .
Thus, we complete the proof.
Remark 5. For i = 0, . . . , r − 1, δ i = 1 is equivalent to S(θ u r ) = 0, for all u ∈ p r−i−1 Z * p i+1 . So by Lemma 6, for i = 0, . . . , r − 1, δ i = 1 if and only if three conditions in Lemma 6 are satisfied simultaneously.
Proof of the main theorem
Now we are already to give a proof of the main theorem.
Proof of the main theorem. Based on Lemma 3, the linear complexity of the sequence S defined as (1) should be form as the representation in our main theorem. With repeated use of Lemma 6, we can get the exact value of δ i . That is, if the condition of Lemma 6 is achieved, then δ i = 0. Otherwise δ i = 1. The value of δ depends on S(1), i.e. the weight of the sequence. The result then follows. Remark 6. If the condition in Lemma 6 is not satisfied for n = r, then the linear complexity of the sequence defined in (1) is at least (p − 1)p r , which is larger than half of its period.
Examples
Example 1. Let p = 11, r = 2, e = 2, f = 5,
Then
Then condition in Lemma 6 is achieved when modula p. Hence,
and the balanced sequence (s i ) defined in (1) is 1, 1, 0, 1, 1, 0, 1, 1, 1, 1, 1, 0, 0, 1, 0, 1, 0, 1, 0, 1, 0, 1, 1 , 0, 0, 0, 0, 1, 1, 0, 0, 1, 1, 0, 0, 1, 0, 0, 1, 1, 1, 0, 0, 1, 0, 1, 0, 0, 1, 0, 0, 0, 0, 0, 1, 1, 1, 1, 0, 0, 0, 0, 1, 1, 1, 1, 0, 0, 0, 0, 0, 1, 0, 0, 1, 0, 1, 0, 0, 1, 1, 1, 0, 0, 1, 0, 0, 1, 1, 0, 0, 1, 1, 0, 0, 0, 0, 1, 1, 0, 1, 0, 1, 0, 1, 0, 1, 0, 0, 1, 1, 1, 1, 1, 0, 1, 1, 0, 1, 1].
The linear complexity of this sequence is 111.
Example 2. Let p = 5, r = 3, e = 2, f = 2, X 1 = {0, 1}, X 2 = {0, 2, 4, 6, 8}, X 3 = {0, 10, 20, 30, 40}.
Then condition in Lemma 6 is achieved when modula p 3 . Hence, L = 1 + (p − 1)(1 + p) = 25, and the sequence (s i ) defined in (1) is [1, 1, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 1, 1, 1, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 1, 1, 1, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 1, 1, 1, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 1, 1, 1, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 1].
The linear complexity of this sequence is 25.
Conclusion
In this paper, we present a generic construction of binary sequences with period p r , which can be regarded as a generalization of the construction introduced by Xiao et al. By using the Euler quotient, we determined the linear complexity of the proposed sequence over GF (2) under the assumption of 2 being a primitive root of p 2 . As a byproduct, we showed that a conjecture proposed by Xiao et al. holds for the case 2 being a primitive root of p 2 . For the general case 2 p−1 ≡ 1 mod p 2 , Vladimir Edemskiy proved the conjecture when f is a power of 2. Hence, for the conjecture, it will be interesting to determine linear complexity of the sequence in the case of 2 p−1 ≡ 1 mod p 2 but 2 not being a primitive root of p 2 . That is, the order of 2 modulo p 2 has the form of pt with t being a proper factor of p − 1.
